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A Novel INS/USBL Integrated Navigation Scheme
via Factor Graph Optimization

Liang Zhang , Li-Ta Hsu , Member, IEEE, and Tao Zhang

Abstract—Factor graph optimization (FGO) is a well-known
approach in the robotics field. Due to multiple iterations and
application of large amounts of data, it usually could superior per-
formance than the Kalman Filter (KF) under complex scenarios.
However, it is rarely used in the underwater environment, especially
for applications based on fiber-optic inertial navigation. Taking
the ultra-short baseline system (USBL) as the application back-
ground, a novel inertial navigation system (INS)/USBL integrated
navigation scheme based on FGO is presented in this paper. The
traditional pre-integration factor simplifies the earth rotation and
coordinate system, which limits its application in high-precision
sensors. This paper proposed an improved pre-integration model
using the high precision measurements of fiber optics gyroscope
in FGO. Simulation and field tests proved that, with the FGO
method, improved accuracy of INS/USBL integration was obtained
compared to the traditional KF method. It confirms the potential of
FGO in the applications of underwater navigation and positioning.

Index Terms—USBL, INS, graph optimization, integrated
navigation, pre-integration model.

I. INTRODUCTION

THE high precision navigation and positioning are of great
importance for autonomous underwater vehicles (AUV)

in the exploitation of marine resources, and target detection
[1], [2]. Due to the low attenuation of underwater acoustic
signals, an ultra-short baseline system (USBL) is a common
navigation approach and can achieve high precision navigation
and positioning in a certain area [3]. Besides, an inertial navi-
gation system (INS) still plays an important role in underwater
navigation due to its autonomy and short-term high precision
characteristics [4], [5]. Thus, the INS/USBL integration attracts
more attention in recent years.

The integration of the two navigation systems is critical to
improving positioning accuracy. It is also one of the most
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important research directions of INS/USBL integration in recent
years. The framework of INS/USBL integrated navigation can
be divided into loosely-coupled (LC) and tightly-coupled (TC).
Morgado first introduced the LC and TC INS/USBL integrated
navigation scheme based on an extended Kalman filter (EKF)
in 2006 [6] and verified it through field experiments [7]. But the
INS mechanization is simplified, which means it is not suitable
for high-precision strap-down INS. In 2016, a TC integrated
navigation scheme based on high-precision INS modeling is
proposed [8]. Then, considering the nonlinearity of the USBL
measurement model, the cubature Kalman filter (CKF) [9]
and Unscented Kalman Filter (UKF) [10] are applied to the
INS/USBL integrated navigation system, which could avoid the
linearization errors in KF. This is a relatively well-studied area.
In recent years, many scholars focus on the localization problem
in the presence of abnormal measurements of USBL. A Huber
M-estimation-based filter is applied to the INS/USBL integrated
navigation system in 2021 [11]. Subsequently, a maximum
correntropy-based filter is also proposed by the same author [12],
which played a better performance. From the point of view of
noise modeling, Wang proposed a student’s distribution-based
robust filter applied to the LC [13] and TC [14] INS/USBL
integration system, respectively. Thus, the research of integrated
navigation algorithms can be summarized into three aspects:1)
the LC or TC framework; 2) linearized or nonlinear filtering; 3)
robust or adaptive filtering.

Almost all current studies on INS/USBL integration are based
on filtering schemes. No matter how the filter is designed, it
is difficult to further improve the positioning accuracy of the
integrated navigation system. Thus, it is important to explore a
new fusion approach for INS/USBL integration.

The optimization-based approach has been widely used in
the field of robotics, such as vision [15] or light detection and
ranging (LiDAR) [16] simultaneous localization and mapping
(SLAM). The FGO approach is also expanding from the SLAM
applications to other fields. FGO is firstly applied for global
navigation satellite system (GNSS) positioning in 2012 [17].
Subsequently, FGO has had many successful applications in
GNSS positioning [18], [19]. With the introduction of the pre-
integration model [20], an inertial measurement unit (IMU)
has been integrated into many navigation applications based on
FGO. An in-vehicle sensors navigation with IMU using FGO is
proposed [21]. The INS/GNSS integration is classic integrated
navigation. The FGO approach has been successfully applied
in INS/GNSS integration [22], [23]. Wen first compared the
performances of FGO and KF algorithms in low-cost INS/GNSS
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systems and confirmed that TC integration using FGO performs
the best [24].

The FGO is proved to be superior to KF due to its multiple
iterations and re-linearization. Thus, it has huge potential for
underwater INS/USBL integration. However, the existing pre-
integration model ignores the earth rotation and the coordinate
system is inconsistent if using the absolute measurements. This
also limits its application in underwater high precision INS.

The contributions of the paper are twofold:
1) Implementing FGO to INS/USBL integrated navigation

system. Benefit from the multiple iterations and re-
linearization of FGO, it will play superior performance
to the KF in INS/USBL integration.

2) Considering earth rotation in the proposed IMU pre-
integration model. The centripetal acceleration to the earth
caused by the motion of the carrier and the Coriolis
acceleration are both taken into consideration. Thus, the
pre-integration model is more suitable for underwater
applications with high-precision IMU. And the coordinate
system between relative and absolute measurements is
also unified.

The structure of the paper is as follows. The first section is
the introduction and includes the current research status. The
second section introduces the positioning principles of USBL
and analyzes the main problem of the application of FGO. The
third section introduces the new IMU pre-integration model. The
fourth section introduces the FGO-based integrated navigation
scheme. The fifth section verifies the effectiveness of the pro-
posed FGO algorithm through simulation and field tests. The
last section presents a summary.

II. PROBLEM STATEMENT

Before analyzing the integrated navigation system, several
coordinate systems are defined first in Table I.

A. Introduction of Positioning Principles of USBL

The detailed positioning principles of USBL can be seen in
[14]. The USBL consists of a transducer and a transponder
placed on the bottom of the water.

The transducer transmits an acoustic signal to the transponder.
The transponder returns the acoustic signal to the hydrophone
then. By measuring the round trip time delay and the angle-of-
arrival, the slant distance (r) and bearings (α, β) can be obtained
as shown in Fig. 1.

According to the USBL measurements, the transponder posi-
tion in the u-frame (tu) can be expressed as

tu =

⎡
⎣ tu,x
tu,y
tu,z

⎤
⎦ =

⎡
⎢⎣

rcosα
rcosβ

−
√

r2 − t2
u,x − t2

u,y

⎤
⎥⎦ (1)

The absolute position of a transponder (tg = [λt Lt ht ]
T )

and the transformation matrix (Cb
u) between the u-frame and

b-frame can be calibrated in advance [10]. λ denotes the latitude
and L denotes the longitude. With the known attitude matrix

TABLE I
DEFINITION OF THE REFERENCE FRAMES IN THE PAPER

Fig. 1. Sketch of USBL positioning.

Cn
b obtained by INS, the absolute position of AUV (pg) can be

obtained.

pg = tg −Rg
nC

n
bC

b
ut

u (2)

where Rg
n =

[
0 1

RM+h 0
secL

(RN+h)
0 0

0 0 1

]
, RN , and RM denote the prin-

cipal radii of curvature along the prime-vertical normal and
along the meridional sections, respectively. h denotes the height.

B. Problem of the Traditional IMU Pre-Integration Model

The propagation equation of INS in [15] is as follows.⎧⎪⎪⎨
⎪⎪⎩

Pw
bk+1

= Pw
bk

+Vw
bk
Δtk + ∫ ∫ (Rw

t (ât − bat − na)

−gw) dt2

Vw
bk+1

= Vw
bk

+ ∫ (Rw
t (ât − bat − na)− gw) dt

qw
bk+1

= qw
bk

⊗ ∫ 1
2Ω (ω̂t − bωt − nω) dt

(3)

where Pw
bk

are the positions in w-frame at instant tk. Simi-
larly, Vw

bk
is the velocity. qw

bk
are quaternions from b-frame
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to w-frame. Rw
t denotes the rotation matrix from b-frame to

w-frame. ât and ω̂tare the outputs of the accelerometer and
gyroscope. bat, bωt , na, and nω are parameters of the IMU
noise model, which can be seen in [15]. gw is the gravity in the

w-frame. Ω(ω) = [
−�ω�× ω
−ωT 0

].�ω�× denotes the skew matrix.

Since the impact of earth rotation on IMU is ignored in (3), it
is a simplified propagation equation. The integration error will
be large if a high-precision IMU is adopted.

Besides, the w-frame in (3) is equivalent to the in0-frame.
In underwater navigation, the n-frame is usually taken as the
reference frame. The absolute position measurements are also
in the n-frame. Thus, modifying the estimated state in in0-frame
with the measurements in n-frame will make the estimation error
large.

III. IMPROVED IMU PRE-INTEGRATION MODEL

A. IMU Pre-Integration

The angular rates ω̃b
ib and accelerations f̃ b output by IMU are

modeled as follows.

ω̃b
ib = ωb

ib + bg + ng

f̃ b = f b + ba + na (4)

where bg and ba denote the bias of the gyroscope and ac-
celerometer.ng andna denote the white noise, which is assumed
as follows.

ng ∼ N
(
0, σ2

g

)
na ∼ N

(
0, σ2

a

)
(5)

We will derive a new pre-integration factor based on the strap-
down inertial navigation propagation equation as follows.⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Ċn
b = Cn

b

(
ωb

nb×
)

V̇n = fn − (2ωn
ie + ωn

en)×Vn + gn

L̇ = VN

RM+h

λ̇ = secL
RN+hVE

ḣ = VU

(6)

whereCn
b is the attitude rotation matrix.Vn = [VE VN VU ]T is

the velocity in the n-frame. fn = Cn
b (f̃

b − ba),ωb
nb is expressed

as follows.

ωb
nb = ωb

ib −Cb
n(ω

n
ie + ωn

en)

ωn
ie = [0ωie cosLωie sinL]

T

ωn
en = [−VN/ (RM + h)VE/ (RN

+h)VE tanL/ (RN + h)]T (7)

where ωie = 7.2921151467e−5 is the earth rotation rate.
First, the attitude pre-integration part will be analyzed.
According to (6), the attitude matrix can be expressed as

follows [5].

Cn
b = Cn

in0C
in0
ib0 C

ib0
b (8)

Fig. 2. Relationship of the timestamp used in the IMU preintegration tm is
the timestamp of the measurement and tk is the timestamp of the IMU.

where Cin0
ib0 is the initial attitude matrix. Cib0

b and Cn
in0 can be

updated as follows.

Ċib0
b = Cib0

b

(
ωb

ib×
)

Ċin0
n = Cin0

n (ωn
in×) (9)

where ωn
in = ωn

ie + ωn
en.

The quaternion differential equation corresponding to Cib0
b in

(9) is as follows.

q̇b0
b =

1
2
Ω

(
ωb

ib − bg

)
qb0
b (10)

Considering the coning error in the integration process, ωb
ib

should be replaced by ω̂b
ib as follows.

ω̂b
ib =

(
Δθk +

1
12

Δθk−1 ×Δθk

)
/Δt (11)

where Δθk = ωb
ibΔt denotes the angular increment at epoch k.

(8) can also be expressed through quaternion updating.

qn
b = qn

in0 ⊗ qin0
ib0 ⊗ qib0

b (12)

During the pre-integration interval [tm, tm+1], the attitude
from tm to tk (k ∈ (m,m+ 1)) can be expressed as follows.

qnk
bk = qnk

nm ⊗ qnm
bm ⊗ qbm

bk (13)

The relationship between pre-integration intervals and IMU
samples is shown in Fig. 2.

Thus, the attitude pre-integration between two measurements
from tm to tm+1 can be expressed as

γbm
bm+1 =

((
qnm+1
bm+1

)−1 ⊗ qnm+1
nm ⊗ qnm

bm

)−1
(14)

And γbm
bm+1 can be calculated by (10) with the qb0

b initialized
as [10, 00]T .

Second, the velocity pre-integration part will be analyzed.
According to (6), the velocity integration from tm to tm+1

can be expressed as

Vn
m+1 = Vn

m +

∫ tm+1

tm

Cnt
nmCnm

bmCbm
bt

(
f̃ b − ba

)
dt

+

∫ tm+1

tm

(gn − (2ωn
ie + ωn

en)×Vn) dt (15)

ωn
ie and ωn

en are associated with Vn
m and Pg

m but changes in
velocity and position have very little effect on it as (7) shows.
Usually, it is around 0.001 or 0.0001 orders of magnitude. The
impact of velocity and position on 2ωn

ie + ωn
en will be studied in

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 13,2023 at 10:26:38 UTC from IEEE Xplore.  Restrictions apply. 



9242 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 71, NO. 9, SEPTEMBER 2022

the future to accommodate a higher accuracy IMU. But, assume
2ωn

ie + ωn
en as a constant vector during a short period in this

paper. The third term of the right side of (15) can be computed
as follows.

ΔVn
cor/g(m) = gnΔtm,m+1 − (2ωn

ie + ωn
en)

× (
Vn

m+1 +Vn
m

) 1
2
Δtm,m+1 (16)

Thus, the velocity pre-integration from tm to tm+1 can be
expressed as.

βbm
bm+1 = Cbm

nm+1

(
Vn

m+1 −Vn
m − gnΔtm,m+1

+(2ωn
ie + ωn

en)×
(
Vn

m+1 +Vn
m

) 1
2
Δtm,m+1

)
(17)

βbm
bm+1 can be calculated with the IMU measurements by the

following.

βbm
bm+1 =

∫ tm+1

tm

Cbm
bt

(
f̃ b − ba

)
dt (18)

Then, the position pre-integration part will be analyzed.
According to (6), the position integration from tm to tm+1

can be expressed as

Pn
m+1 = Pn

m +Vn
mΔtm,m+1 +Cnm+1

bm αbmbm+1

+
1
2
gnΔt2

m,m+1−
1
2
(2ωn

ie+ωn
en)×Vn

mΔt2
m,m+1

(19)

Thus, the position pre-integration from tm to tm+1 can be
expressed as

αbmbm+1 = Cbm
nm+1

(
Pn

m+1 −Pn
m −Vn

mΔtm,m+1

− 1
2
gnΔt2

m,m+1 +
1
2
(2ωn

ie + ωn
en)

×Vn
mΔt2

m,m+1

)
(20)

αbmbm+1 can be calculated with the IMU measurements by the
following.

αbmbm+1 =

∫∫ tm+1

tm

Cbm
bt

(
f̃ b − ba

)
dt (21)

Note that Pn
m+1 is a relative position in the n-frame. To

obtain the absolute position in the g-frame, Pn
m+1 should be

transformed to Pg
m+1 with the initial absolute position Pg

0 as
follows.

Pg
m+1 = Pg

0 +Rg
nP

n
m+1 (22)

Pg
m+1 is used to update the earth rotation parameters such as

ωn
in and ωn

en during the integration process.

B. Noise Propagation

The error state is defined as.

δzt =
[
δαbmbm+1 δβbm

bm+1 δγbm
bm+1 δbg δba

]T
(23)

Then, the state transition of the error term can be represented
as follows.

δżt = Ftδzt +Gtnt (24)

where

Ft =

⎡
⎢⎢⎢⎢⎢⎣

0 I 0 0 0

0 0 −C̃bm
bt

(
f̃ b − ba

)
× 0 C̃bm

bt

0 0 − (
ω̃b
ib − bg

)× −I 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

Gt =

⎡
⎢⎢⎢⎢⎣

0 0

0 C̃bm
bt

−I 0
0 0
0 0

⎤
⎥⎥⎥⎥⎦ ,nt =

[
ng

na

]
(25)

Thus, the pre-integration covariance matrix Σimu
bt can be

propagated as follows.

Σimu
bt = ΦtΣ

imu
bt−1Φ

T
t +

∫ t

t−1
ΦtGtQGT

t Φ
T
t dt (26)

where Σimu
bm = 0 (t = m), Φt ≈ I+ FtΔt, Q =

diag[σ2
g, σ

2
a].

The Jacobian matrix can be propagated as follows.

Jm,t = ΦtJm,t−1 (27)

where Jm,m is initialized as an identity matrix.
According to the Jacobian matrix and covariance matrix,

the pre-integration measurements with respect to bias can be
computed as follows [15].⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

α̃bmbm+1 ≈ αbmbm+1 + Jα
bgδbg + Jα

baδba

β̃
bm

bm+1 ≈ βbmbm+1 + Jβ
bgδbg + Jβ

baδba

γ̃bm
bm+1 ≈ γbm

bm+1 ⊗
[

1
1
2J

γ
bgδbg

] (28)

where Jα
bgis the sub-matrix of Jm,m+1 whose location is corre-

sponding to
δαbm

bm+1

δbg
. The same definition is used for Jα

ba, Jβ
bg ,

Jβ
ba, and Jγ

bg .

IV. FGO BASED INS/USBL INTEGRATED NAVIGATION

SCHEME

The integrated navigation problem is a typical maximum
likelihood estimation (MAP) problem. Thus, the INS/USBL
integration can be formulated as the following.

x̃ = argmax
∏
k,i

P (zk,i|xk)
∏
k

P (xk|xk−1) (29)

Authorized licensed use limited to: Hong Kong Polytechnic University. Downloaded on July 13,2023 at 10:26:38 UTC from IEEE Xplore.  Restrictions apply. 



ZHANG et al.: NOVEL INS/USBL INTEGRATED NAVIGATION SCHEME VIA FACTOR 9243

Fig. 3. Graph model of the proposed INS/USBL integration.

where zk,i denotes the USBL measurements at epoch k. xk

denotes the system state at k. Symbol i denotes the i-th mea-
surement at epoch k. x̃ is the optimal state estimation.

In FGO, the optimal estimate can be obtained by all the
measurement factors. The MAP problem can be expressed as
follows.

X̃ = argmax
x

⎛
⎝∏

j

fj (xj)

⎞
⎠

fj (xj) ∝ exp
(
−‖hj (xj)− zj‖2

Σj

)
(30)

where fj(xj) is the j-th factor. hj(·) denotes the observa-
tion function associated with the j-th measurement zj . X =
{x1,x2, . . . ,xk, . . .} denotes the states that need to be esti-
mated. Σj is the covariance matrix.

(30) can be reformulated as follows [25].

X̃ = argmax
x

⎛
⎝∑

j

‖hj (xj)− zj‖2
Σj

⎞
⎠ (31)

where j ∈ [0, n], n is the sliding-window size.
Thus, the FGO problem can be formulated as a nonlinear

least-squares problem as (31) shows. FGO can take full ad-
vantage of the historical information. However, the KF method
recursively estimates the current state based on the previous
state and the observation measurements at the current epoch.
The FGO structure of the INS/USBL is shown in Fig. 3.

The state vector is defined as follows.

X = [x0,x1,x2, . . .xn]
T

xk =
[
Pn

k ,V
n
k ,q

nk
bk ,bak,bgk

]T
k ∈ [0, n] (32)

where X is the state set. The position, velocity, attitude, and bias
are treated as the state vector in the FGO.

The error factors described in Fig. 3 will be introduced in
detail next.

A. The IMU Pre-Integration Factor

According to the pre-integration measurements in (14), (17),
(20,) and (28), the residuals of IMU pre-integration can be

computed as follows.

rimu

(
zbmbm+1,X

)

=

⎡
⎢⎢⎢⎢⎢⎢⎣

αbmbm+1 − α̃bmbm+1

βbmbm+1 − β̃
bm

bm+1

2
[(
qnm+1
bm+1

)−1 ⊗ qnm+1
nm ⊗ qnm

bm ⊗ γ̃bm
bm+1

]
xyz

bgm+1 − bgm

bam+1 − bam

⎤
⎥⎥⎥⎥⎥⎥⎦

(33)

where 2[·]xyz is used to extract the rotation vector of a quater-
nion.

B. USBL Slant Distant Factor

First, the absolute position tg should be transformed to a
relative position in the n-frame with the initial position Pg

0 . The
transponder position (tn) can be expressed as follows.

tn = (Rg
n)

−1 (tg −Pg
0) (34)

The slant distance can be expressed as follows.

r = ‖tn −Pn‖ (35)

Thus, the residual of the slant distance factor can be computed
as follows.

rsl (Zsl,m,X) = ‖tn −Pn‖ − r (36)

C. USBL Bearing Factor

According to (2) and (34), the relative transponder position
in the b-frame can be expressed as follows.

tu = Cu
bC

b
n (t

n −Pn) (37)

According to (1), the bearings α and β can be computed in
the u-frame as follows.{

α = acos (tu,x/r)

β = acos (tu,y/r)
(38)

Thus, the residuals of the bearing factors can be computed as
follows.

rbr (Zbr,m,X) =

[
acos (tu,x/r)− α
acos (tu,y/r)− β

]
(39)

Based on the above measurement residuals, the following
MAP estimation equation can be obtained.

min
x

⎧⎨
⎩‖rp −HpX‖2

Σp
+

∑
m∈[0,n]

∥∥rimu

(
zbmbm+1,X

)∥∥2

Σimu
bm+1

+
∑

m[0,n]

‖rsl (Zsl,m,X)‖2
Σsl,m

+
∑

m∈[0,n]
‖rbr (Zbr,m,X)‖2

Σbr,m

⎫⎬
⎭ (40)

where ‖rp −HpX‖2
Σp

denotes the prior information from
marginalization and Σp is the prior covariance. Σsl,m is the
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Fig. 4. Simulation trajectory.

measurement covariance of m-th slant distance, and Σbr,m is
the measurement covariance of m-th bearing angles. Σsl,m and
Σbr,m are set according to the performance of the USBL. The
Ceres Solver [26] is used to solve the MAP problem.

V. SIMULATION AND FIELD TEST ANALYSIS

A. Simulation Test

To verify the effectiveness of the proposed algorithm, simu-
lations are performed in this section.

Since the LC model usually shows worse performance com-
pared to that of the TC model, only the TC INS/USBL integrated
navigation model is compared in the paper.

Different types of filters can be used for multi-sensor inte-
grated navigation, such as the adaptive and robust filter used
for INS/GPS integration [27], [28], the federal filter used for
the systems with more than two sensors [29]. The uncertainty
of the measurement noise model is not considered in FGO. To
make the validation method consistent, a standard Kalman filter
and a nonlinear filter are selected for comparison. An FGO
method considering the particularity of measurement noise will
be carried out in future studies.

Symbols used for the simulations are as follows:
1) KF: the state-of-the-art error state Kalman filter based

INS/USBL integrated navigation algorithm [8].
2) UKF: the unscented Kalman filter based INS/USBL inte-

grated navigation algorithm.
3) FGO-T: the INS/USBL integrated navigation algorithm

using the FGO with the traditional IMU pre-integration
model described in [15].

4) the Proposed: the INS/USBL integrated navigation al-
gorithm using the FGO with the proposed IMU pre-
integration model described in Section III.

The window size in FGO-T and FGO is 50 s. The covariance
matrix set in the three methods is the same.

The vehicle velocity is set as 3 m/s. The trajectory of the
vehicle in the simulation experiment is shown in Fig. 4.

Fig. 5. Comparison of the position estimation error using the MEMS IMU.

In the simulation, the sensor error parameters are set below.
Two-level of IMU are set in the simulation. One is the fiber
optics gyroscope (FOG) and the other is the micro-electro-
mechanical systems (MEMS) IMU. The parameters of MEMS
IMU are set according to an industrial-grade IMU module [30].
The parameters of FOG IMU and the USBL are referenced to
actual instruments. The simulated IMU and USBL have been
successfully used in our previous work [31].

a) FOG IMU
Gyro: bias 0.02◦/h, random walk 0.01◦/

√
h;

Accelerometer: bias 100 μg, random walk 100 ug/
√
Hz;

Output frequency: 200 Hz.
b) MEMS IMU
Gyro: bias standard deviation 15◦/h, random walk 0.2◦/

√
h;

Accelerometer: bias standard deviation 150mg, random walk
0.2m/s/

√
h;

Output frequency: 200 Hz.
c) USBL
Bearing error: 0.2◦; Slant distance error: 1.5m;
Output frequency: 1/2 Hz.
The initial position error: δpn = [ 1 1 3 ]Tm. The initial

attitude error: δϕn = [ 0.05◦ 0.05◦ 0.1◦ ]T. The initial velocity
error: δvn = [ 0.1 0.1 0.1 ]Tm/s. The initial position of the
vehicle is [ 118.7718◦E 32.0575◦N 18m]T. As underwater ex-
periments are not possible at present, the movement on the water
surface is simulated in this section. So the height of the vehicle
position is positive.

According to the sensor error parameters of USBL, the co-
variance of USBL in FGO is set as Σsl,m = 2.25. Σbr,m =
1.22e− 5I2×2. The measurement noise covariance in KF and
UKF is set as R = diag(1.22e− 51.22e− 52.25).

Two simulation experiments will be carried out with two types
of IMU.

Simulation 1: test with the MEMS IMU
The position errors of different methods using MEMS IMU

are compared in Fig. 5.
According to sensor error parameters of MEMS IMU, the

initial pre-integration covariance in FGO is set as Q =
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Fig. 6. Comparison of the position estimation error using FOG IMU.

diag[3.4e− 9I1×3, 1.1e− 5I1×3].The process noise covariance
in KF and UKF is set asQ = diag(3.4e− 9I1×3, 1.1e− 5I1×3).

It can be seen from Fig. 5 that the performance of the three
methods is similar in the case of MEMS IMU. Simulation 1
is conducted to prove that the traditional IMU pre-integration
model is appropriate and is suitable for the positioning scenarios
in the field of robotics with MEMS IMU.

Simulation 2: test with the FOG IMU
Simulation 2 is conducted to prove that the traditional pre-

integration model is not appropriate in the case of high precision
IMU and the proposed method is the best of all.

According to sensor error parameters of FOG IMU, the initial
pre-integration covariance in FGO is set as Q = diag[8.5e
− 12I1×3, 9.56e− 7I1×3]. The process noise covariance in KF
and UKF is set as Q = diag(8.5e− 12I1×3, 9.56e− 7I1×3).

The position errors in the stable phase of the navigation
process using FOG IMU are compared in Fig. 6.

It can be seen from Fig. 6 that the position error of the FGO-T
method diverges due to the inaccurate IMU integration model.
The right y-axis is corresponding to the errors of FGO-T. It
has a maximum error of about 300m. Thus, the traditional IMU
integration model is not suitable for the underwater fiber optics
inertial navigation system.

The positioning accuracy of KF is similar to that of UKF. The
proposed method performs better than KF and UKF in the stable
phase of the navigation process. Take the blue area in the figure
as an example. The error of the proposed method is closer to
zero.

The bias factor is also involved in the factor graph as Fig. 3
shows. Thus, the bias estimation results are shown in Figs. 7
and 8.

In Fig. 7, the accelerometer bias of the proposed method is
similar to that of the KF and UKF methods. The accelerom-
eter bias can be well estimated through the three methods.
However, the bias estimation accuracy of the traditional IMU
pre-integration model is lower than the proposed method. It
doesn’t even converge near the truth value.

Fig. 7. Estimation result of accelerometer bias.

Fig. 8. Estimation result of gyroscope bias.

In Fig. 8, it can be seen that as the observability of the
gyroscope bias is very weak, it is difficult to estimate the bias
through these methods.

To analyze the position error quantitatively, the root-mean-
square error (RMSE), the Average Location Error (ALE), and
the Average Horizontal Error (AHE) are used as the performance
metrics. The AHE and ALE are defined as follows.

ALE =
1
n

n∑
k = 1

√
(x̃k − xk)

2 + (ỹk − yk)
2 + (z̃k − zk)

2

AHE =
1
n

n∑
k = 1

√
(x̃k − xk)

2 + (ỹk − yk)
2 (41)

where x̃k is the estimated value at epoch k and xk is the true
value. The same definition is used for y and z. The statistical
results are shown in Table II.

It can be seen from Table II that the proposed method exhibits
a better performance than KF and UKF in both AHE and ALE.
The FGO with the traditional pre-integration model performs
worst. The errors in the simulation were random errors. Thus,
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TABLE II
RMSE COMPARISON OF THE DIFFERENT METHODS

NPE, EPE, and UPE denote the RMSE of the north potion, east position, and up position.

Fig. 9. Comparison of the position estimation error in Monte Carlo simulation.

an individual experiment may be accidental. To make the results
more convincing, we conducted statistics on the results of 20 in-
dependent experiments. The mean and standard deviation (STD)
of the Monte Carlo simulation test is used as the performance
metric. It is defined as follows.

Ex,k =

√√√√1/M
M∑
s=1

(xs
k − x̃s

k)
2

Meanx =
1
N

N∑
k = 1

Ex,k

STDx =

√√√√ 1
N − 1

N∑
k=1

|Ex,k − Meanx|2 (42)

where M = 20, x̃s
k is the estimated value at s-th Monte Carlo

run at epoch k and xs
k is the true value. The same definition is

used for y and z. N is the length of the data.
The error of the FGO-T method is too large to be comparable.

Thus, only the KF, UKF, and the proposed method are compared
below. The error bar is shown in Fig. 9.

It can be seen from Fig. 9. that the accuracy of the proposed
method is improved obviously in the horizontal direction. Both
mean and STD are better than KF and UKF methods.

Simulations 1 and 2 proved that the traditional pre-integration
model is only suitable for the low-cost IMU. In FOG applica-
tions, the errors could be very large. With the improved IMU

Fig. 10. Diagram of the experimental scene.

Fig. 11. Description of the experimental scene.

pre-integration model, the FGO can show better performance
than KF and UKF for the INS/USBL integrated navigation
system.

B. Field Test

In addition to the simulation experiments, we also carried out
field tests on the Yangtze River in Jiangsu Province, China. The
experimental scene and sensors involved in the experiment are
shown in Fig. 10.

In Fig. 10, the transponder is placed at the bottom of the
river. The USBL is mounted on the side of the ship and placed
below the surface of the water. The data processing center is
responsible for receiving USBL and IMU data and processing
navigation results, as Fig. 11 shows. The position of PHINS/GPS
integrated system is used as the ground truth.

The performance of the sensors is as follows.
a) Inertial measurement unit
Gyro:
constant drift ≤ 0.01◦/h , stochastic drift ≤ 0.005◦/

√
h;

constant drift repeatability ≤ 0.01◦/h;
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Fig. 12. Experiment trajectory.

scale factor repeatability ≤ 50ppm(1σ);
Output frequency: 200 Hz.
Accelerometer:
bias ≤100μg, random walk 50ug/

√
Hz;

scale factor repeatability ≤ 35ppm(1σ); full scale ±20g;
b) USBL
Positioning error: 0.1m+1%r;
Output frequency: 1/2 Hz.
c) PHINS/GPS integrated system
positioning accuracy aided by RTK GPS: 0.02-0.05m;
accuracy of yaw: 0.01 ◦/cosL;

The covariance of USBL in FGO is set asΣsl,m = 6.Σbr,m =
0.0037I2×2. The measurement noise covariance in KF and UKF
is set as R = diag(0.0037, 0.0037, 6).

The initial pre-integration covariance in FGO is set as Q =
diag[2.1e− 12I1×3, 9.57e− 7I1×3]. The process noise co-

variance in KF and UKF is set as Q = diag(2.1e
− 12I1×3, 9.57e− 7I1×3, 01×9 ).

The installation angle between USBL and INS and the
transponder position are calibrated in advance, which can be
seen in our previous work [10].

The vehicle is sailing on the surface of the river and the
velocity is about 3 m/s. The trajectory in the experiment is shown
in Fig. 12.

As the FGO-T is not suitable for underwater fiber-optic in-
ertial navigation, the KF, UKF, and the proposed method are
selected for comparison. The position error is shown in Fig. 13.

It can be seen from Fig. 13 that the proposed method outper-
forms the KF and UKF methods in the stable phase of navigation.
Especially at the end of the navigation process, the position error
of the proposed method is more stable and closer to zero than the
KF and UKF methods. As the blue area is shown in Fig. 13. To
analyze the position error quantitatively, the RMSE, ALE, and
AHE are used as performance metrics. The statistical results in
the stable phase of navigation (50s-400s) are shown in Table III

In Table III, the proposed method exhibits a better perfor-
mance than KF and UKF in both AHE and ALE. The position

Fig. 13. Comparison of the position error in the field test.

Fig. 14. The comparison of the execution time.

TABLE III
RMSE COMPARISON OF DIFFERENT METHODS IN FIELD TEST

accuracy is improved by 15.67%, 13.94%, and 16.65% respec-
tively compared with the KF method in terms of EPE, NPE, and
UPE.

The INS/USBL integration is a nonlinear system. The su-
periority of FGO is attributable to the multiple iterations and
re-linearization and greater amount of data applied in the FGO.
The application of multiple iterations and re-linearization solves
the problem of nonlinearity and improves the precision of the
INS/USBL integrated navigation system. Thus, the simulation
and field test confirmed the potential of the application of factor
graph in underwater high precision navigation and positioning.
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C. Discussion of the Computational Load

A problem faced in FGO applications is the computational
load. Execution time of different algorithms can represent the
computational load [23], [24]. To analyze the computational
load of different algorithms, a comparison of the execution time
among different algorithms is given in Fig. 14.

In Fig. 14, the vertical coordinate expresses the run time
of the program while the horizontal coordinate is the duration
of data. As only the current state is estimated, the execution
times of the Kalman filter-based method are less than the
FGO-based method. The application of multiple iterations and
greater amount of data make the FGO method suffer from a huge
computational load. The proposed IMU pre-integration model
is more complex than the traditional pre-integration model as
the earth rotation is considered. Its execution time is larger than
that of the traditional FGO method. Although the FGO method
needs more computational load, it is an alternative method when
computer performance is sufficient.

VI. CONCLUSION

This paper proposes a novel integrated navigation scheme
for underwater INS/USBL integration system via factor graph.
Different from the existing Kalman filter scheme, the FGO
utilizes a large amount of data in the sliding window to improve
the estimation accuracy. In addition, multiple iterations and
re-linearization of FGO can also solve the nonlinear problem
of USBL measurements. To make FGO suitable for a high-
precision inertial navigation system, an IMU pre-integration
model considering the earth rotation is proposed. The simulation
and field test showed that the traditional pre-integration model
can not meet the requirements of underwater applications and
will cause great position errors. The proposed method plays
better performance than the traditional FGO and KF method. It
exhibits great potential for underwater navigation applications.

This paper shows the feasibility of applying FGO to integrated
navigation of underwater FOG inertial navigation systems. In
future research, a more accurate pre-integration model needs
to be further studied if a higher precision IMU is adapted.
Considering the complex underwater environment, the robust
FGO method also needs to be researched in the presence of
outliers. FGO will become a new key technology for underwater
navigation.
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